Published by Institute of Physics Publishing for SISSA/ISAS Received: September 18, 2003 Accepted: November 21, 2003

Very long time scales and black hole thermal equilibrium

José L. F. Barbón^∗

Theory Division, CERN CH-1211 Geneva 23, Switzerland E-mail: barbon@cern.ch

Eliezer Rabinovici

Racah Institute of Physics, The Hebrew University Jerusalem 91904, Israel E-mail: eliezer@vms.huji.ac.il

Abstract: We estimate the very long time behaviour of correlation functions in the presence of eternal black holes. It was pointed out by Maldacena [2] that their vanishing would lead to a violation of a unitarity-based bound. The value of the bound is obtained from the holographic dual field theory. The correlators indeed vanish in a semiclassical bulk approximation. We trace the origin of their vanishing to the continuum energy spectrum in the presence of event horizons. We elaborate on the two very long time scales involved: one associated with the black hole and the other with a thermal gas in the vacuum background. We find that assigning a role to the thermal gas background, as suggested in the above work, does restore the compliance with a time-averaged unitarity bound. We also find that additional configurations are needed to explain the expected time dependence of the Poincaré recurrences and their magnitude. It is suggested that, while a semiclassical black hole does reproduce faithfully “coarse grained” properties of the system, additional dynamical features of the horizon may be necessary to resolve a finer grained informationloss problem. In particular, an effectively formed stretched horizon could yield the desired results.

Keywords: 1/N Expansion, AdS-CFT and dS-CFT Correspondence, Black Holes.

∗On leave from Departamento de Física de Partículas da Universidade de Santiago de Compostela, Spain.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep112003047 /jhep112003047 .pdf

Contents

1. Introduction 1

2. Unitarity versus Poincaré recurrences 3 2.1 Non-unitary evolution 5 2.2 Time averages 6

3. No recurrences in the presence of event horizons 8 3.1 The continuous spectrum 8 3.2 Euclidean formalism 10 3.3 The near-horizon limit 14 3.4 The brick wall 15

4. Poincaré recurrences and topological diversity 15 4.1 Schwarzschild black holes in a box 17 4.2 AdS black holes 19 4.3 Long and very long time scales 20

5. Discussion 22

1. Introduction

String theory seems a formidable multi-faceted fortress of consistency although it shows a less determined side when needing to choose a vacuum or face Nature. As large issues have failed so far to breech its walls perhaps the nitty-gritty picking of small details will suggest where it needs to be modified. A context to study such important fine details is the question of possible information loss in black holes. An aspect of this problem is the search for a more complete understanding of the propagation of strings on backgrounds with spacelike singularities. In fact one may need to await a nonperturbative formulation of string theory to resolve it. The AdS/CFT correspondence offers such a formulation for some string backgrounds [1]. In particular it was found that field theories with a discrete energy spectrum are dual to strings propagating on mixed backgrounds sharing the same conformal boundary. For example, for the case of an asymptotic AdS_5 × S^5 both thermal AdS and a black hole in AdS need to be considered above a known temperature. The value of thermodynamical quantities such as the entropy are reproduced and accounted for by the quarks and gluons of an N = 4 supersymmetric CFT. This nonperturbative result gives, for the appropriate temperature, a classical black hole entropy: a standard field theory result encodes a less standard thermodynamical result in gravity.

– 1 –

These thermodynamical quantities measure gross features of the system such as the total number of states. One would like to probe the details further and find to what extent the low-energy supergravity “master fields” arising in the large-N limit of the correspondence are sensitive also to the finer structure of the system such as its energy level spacing. For example, on the nonperturbative field-theory side, the infrared cutoff imposed by the finite radius sphere S^3 enforces a discrete energy spectrum. The bulk realization of this is less clear, yet, these finer details can be related to the study of the possible unitary evolution of black holes. Nonperturbative completions of string theory such as the above mentioned AdS/CFT correspondence leave no room for unitarity violations as a matter of principle, but the detailed manner in which this is enforced in practice is yet to be clarified. Indeed, here we search for the possible need of new dynamical effects.

Recently, a formal criterion for detecting the absence of information loss has been proposed by Maldacena, based on the detailed study of thermal equilibrium between a large eternal black hole and its thermal radiation in AdS spacetime [2]. Since one studies a stationary problem involving possibly very large black holes, one has the impression that there are no obstacles in obtaining definite answers within the semiclassical approximation. However it turns out that this is actually a situation in which the finer details are tested. The suggestion in [2] was to follow the detailed very long time properties of correlation functions. In [3, 4, 5] this program was pursued as a particularly incisive probe of an analogous problem in quantum de Sitter space. It was suggested to examine the manner in which a form of a time-independent lower bound on such correlation functions was respected. Bounds of such nature are known to occur in systems subject to Poincaré recurrences, characteristic of finite bounded systems which evolve in a unitary way, such as the nonperturbative holographic field theory ensures. In general one expects that an initial perturbation of a given thermal system will be damped by the usual thermal dissipation effects, this decay continues as long as the time scale is too short to resolve possible gaps in the spectrum. Eventually for a unitary system with a discrete spectrum the perturbation is prevented from dying out. Moreover for any required precision there will exist a time for which the correlation function returns to its initial value within the required precision.

In [2] it was pointed out that semiclassically, on the bulk side, the correlation function does decay to zero in the presence of a black hole and thus violates the bound. To the contrary, in a thermal AdS background the time-averaged correlation functions do respect a lower non-vanishing bound. The proposal of [2] aims at recovering the recurrences by summing over thermodynamically subleading backgrounds with discrete spectrum, such as the thermal AdS manifold. This has the appealing feature of requiring two spacetimes, with different topology, to contribute in the same string theory (for earlier work in this context see [6, 7, 8].)

In this note we discuss in more detail the nature of this proposal (see [9] for related discussions in the case of three-dimensional black holes). In particular, we show that Poincaré recurrences can indeed be absent for non-unitary systems. i.e. a system with noncoherent quantum evolution [10] will show no recurrences despite having finite entropy. On the other hand, we point out that the absence of Poincaré recurrences in semiclassical correlation functions is tied to the existence of a continuous spectrum of modes in the

– 2 – presence of black hole horizons. This is a property of the “bare” horizon, as described by General Relativity, and could be modified by nonperturbative dynamical effects. Thus the absence of Poincaré recurrences in this case may be an artefact of the semiclassical approximation.

We examine the proposal that recurrences are restored by topological diversity. We present some evidence that, as tempting as the proposed resolution is, it may not recapture some the expected detailed features of the system. While it does lead to a result respecting a lower bound on a time averaged normalized correlation function, it actually seems to do it in a manner reflecting neither the time scale of the recurrences nor the expected amplitude of the correlation function. The time scale it provides is much shorter than could be expected, and the amplitude much smaller than could be expected, although their product does conspire so as to respect the bound.

This paper is organized as follows. Sections 2 and 3 are a review of known facts that serve to focus the problem. In section 2 we review the intuition behind the classical and quantum bounds on correlation functions and their time average. We stress that, for either unbounded or generic non-unitary systems, the correlation functions and their averages vanish. In section 3 we recall the source of the continuous portion of the spectrum of particles in the presence of a black hole and contrast it with the discrete spectrum in the absence of event horizons. In section 4 we evaluate the semiclassical prediction based on the topology change processes suggested in [2]. We estimate the time-averaged lower bounds in two examples: the Schwarzchild black hole in a box and AdS black holes in various dimensions. Some particular behaviour is noted for the three dimensional case.

In a sense we claim that while the semiclassical black hole master field picture is very valuable for computing inclusive properties of the system such as entropy and free energy, the appreciation of finer properties such as the Poincaré recurrences may require finer tools. We end by discussing the possible form of such tools.

2. Unitarity versus Poincaré recurrences

Poincaré recurrences in classical systems are a consequence of the compactness of the energy shell in phase space, together with Liouville’s theorem, which states that the canonical flow preserves phase-space volume. It then follows that the time evolution of any finite-volume domain of phase space, Ω, will eventually intersect itself. To see this, consider a series of discrete “snapshots” of the time evolution with fixed time increment Ω, U(Ω), U^2(Ω), . . . , U^n(Ω), . . . Since all the images of Ω have the same volume and the phase space is compact, there must be two images in the list with a non-vanishing intersection: U^k(Ω) ∩ U^l(Ω) ≠ ∅. It follows that Ω ∩ U^n(Ω) ≠ ∅ for n = k − l. This is Poincaré’s “eternal return” [11]. There are two independent ways in which we may evade such eternal return. Either we may have access to a non compact phase space, or we may consider time flows that do not preserve phase-space volume.

The quantum analogue of Liouville’s theorem is the unitarity of the time evolution. The compactness of phase space corresponds to having a finite number of states under the

– 3 – energy shell, i.e. the relevant energy spectrum is discrete. The phase-space volume of the initial set Ω is roughly related to the degree of “purity” of the initial quantum state.

A useful quantity to monitor quantum recurrences is the time correlation function of an observable A, G_ρ (t) = Tr [ρ A(t) A(0)] , (2.1)

where we take t > 0 and ρ denotes the density matrix characterizing the initial state of the system. The decay of this correlation function in time gives information about the dissipation of perturbations of typical equilibrium states, such as the canonical thermal state at temperature 1/β:

ρ_β = e^{−βH} Z(β) , (2.2)

where Z(β) = Tr exp(−βH) is the canonical partition function. A more fundamental equilibrium state for bounded isolated systems is actually the microcanonical state

ρ_E = e^{−S(E)} Θ(E − H) , (2.3)

where Θ is the step function and

S(E) = log Tr Θ(E − H) (2.4)

is the microcanonical entropy. For a bounded system with discrete energy spectrum and unitary evolution, A(t) = e^{itH} A(0) e^{−itH} , (2.5) the thermal dissipation cannot be complete at very long times. For example, the microcanonical correlation function takes the form G_E (t) = e^{−S(E)} ∑ E_i,E_j ≤E |A_{ij} |^2 e^{i(Ei−Ej )t} . (2.6)

In terms of the frequencies ω_{ij} = E_i − E_j, we can define the so-called Heisenberg time (c.f. [12]) by t_H = 1/⟨ω⟩, where ⟨ω⟩ denotes an average of the frequencies that we may estimate as the total energy divided by the total number of states: ⟨ω⟩ ∼ E exp(−S(E)). The Heisenberg time is the time scale that reflects the discreteness of the spectrum, i.e. for t ≪ t_H we can approximate the spectrum as continuous. In this case, if the matrix elements of A in the energy basis have a frequency width Γ, the correlator will decay with a characteristic lifetime of order Γ^{−1}, i.e. we expect standard dissipative behaviour for times Γ^{−1} ≪ t ≪ t_H .

For t > t_H most of the phases in (2.6) would have completed a period and the function G_E (t) starts to show large irregular oscillations. In fact, G_E (t) as defined by (2.6) is a quasiperiodic function of time; despite thermal damping, it returns arbitrarily close to the initial value over periods of the order of the recurrence time. In order to estimate this recurrence time, let us assume that we have N different frequencies ω_{ij} = E_i − E_j that are rationally independent. Then we can picture the phases as a set of N clocks running at angular velocities ω_{ij} (c.f. [13]). If we demand that they return within a given angular

– 4 – accuracy Δα, the measure of this configuration is (Δα/2π)^N , and the recurrence time is of order (2π/Δα)^N /⟨ω⟩, where ⟨ω⟩ is the average frequency. Since N ∼ exp(2S), the recurrence or Poincaré time scales as a double exponential in the entropy. These scaling properties of the Heisenberg and Poincaré time scales have been explicitly tested in a numerical model in [3].

Notice that setting Δα ∼ 2π we obtain the Heisenberg time scale, corresponding to O(1) “resurgences” with no emphasis on accuracy, i.e. the Heisenberg time is the smallest possible Poincaré time. If the spectrum shows special regularities the recurrence time can be smaller. For example, all energy levels of a 1 + 1 dimensional free quantum field in a circle of radius R are multiples of a single frequency, in which case the correlation function is strictly periodic with period 2πR.

For large systems with positive specific heat the same results should follow for the canonical state ρ_β, in terms of the canonical entropy and internal energy. In this case the energy sums in the analogue of (2.6) are not bounded by the total energy, but only damped by the Boltzman factor exp(−βE). In general, it may be necessary to bound the high-energy off-diagonal matrix elements |A_{ij} |^2 in order to ensure convergence of the canonical correlation function G_β (t), particularly in the limit t → 0. In a local quantum field theory this may require paying due attention to iϵ prescriptions, and perhaps working with smeared or regularized operators.

We conclude that time scales associated to large-scale fluctuations or Poincaré recurrences depend exponentially on the entropy. Systems with continuous spectrum have strictly infinite total entropy, and both Heisenberg and Poincaré times are infinite.

2.1 Non-unitary evolution To further sharpen the relation between recurrences and unitarity, let us consider the loss of quantum coherence envisaged by Hawking in [10]. Time evolutions of this sort violate quantum coherence but preserve hermiticity, positivity and normalization of the density matrix. It was shown in [14] that these systems can be generically modelled by ordinary quantum mechanics coupled to a gaussian random noise.

As a simple example, let us consider a perturbation of the hamiltonian by an operator of the form H −→ H + C J(t) , (2.7) where C is a fixed operator that commutes with H but not with the observable A, and J(t) is a gaussian random noise with covariance

⟨ J(t) J(t^′) ⟩_J = h δ(t − t^′) . (2.8)

We also assume that the operator C is non-degenerate in the energy basis. Then, substituting the formula (2.5) by A(t) = e^{itH+iC} ∫_t 0 dt^′J(t^′) A(0) e−itH−iC ∫_t 0 dt^′J(t^′) (2.9)

we obtain, for the general correlator (2.1),

G_ρ (t)_J = ∑ i,j,k ρ_{ij} e^{i(Ej −Ek) t} A_{jk} A_{ki} ⟨ e^{i(Cj −Ck)} ∫_t 0 dt^′J(t^′) ⟩ J , (2.10)

– 5 – where C_i are the eigenvalues of C in the energy basis. Evaluating the gaussian average one obtains ∫ ∏ t^′ [ dJ(t^′) √ 2π ] e^− ∫ dt^′|J(t^′)|^2/2h ei(C_j −C_k) ∫_t 0 dt^′J(t^′) = e−h |C_j −C_k|^2 t/2 , (2.11)

a damping factor that eliminates all possible recurrences as t → ∞. This result implies that Poincaré recurrences may be used as a criterion for unitarity, provided the energy spectrum is truly discrete. On the other hand, one may have a perfectly unitary evolution, and still miss the Poincaré recurrences because the spectrum is continuous.

2.2 Time averages

We now return to unitary time evolutions and define a quantitative measure of the quasiperiodicity of correlators. First we define a normalized correlator L(t) ≡ | | G(t) G(0) | |^2 , (2.12)

which is independent of the overall normalization of the operators. Then we can measure the long time resurgences of L(t) by the value of the time average L ≡ lim_{T →∞} 1 T ∫_T 0 dt L(t) . (2.13)

A rather general estimate of the quantity L can be obtained for correlations in the canonical ensemble G_β (t) = Tr [ ρ_β A(t) B(0) ] = 1 Z(β) ∑ i,j e^{−βEi} A_{ij} B_{ji} e^{i(Ei−Ej )t} , (2.14) for general observables A, B with vanishing diagonal matrix elements in the basis of energy eigenvectors. Following [4] we have L = ∑ i,j,k,l e −β(E_i+E_k) A ij B^∗_{ij} A^∗_{kl} B_{kl} δ_{i−j−k+l} ∑ i,j,k,l e −β(E_i+E_k) A ij B^∗_{ij} A^∗_{kl} B_{kl} . (2.15)

The main difference between numerator and denominator is the Kronecker delta that eliminates one of the index sums. Since all terms in the numerator and denominator are essentially identical, we can imagine that the denominator is bigger roughly by a factor of the number of states that effectively contribute, i.e. the thermodynamical degeneracy exp(S). A more formal argument can be given for large systems, by passing to continuum notation, approximating the sums over discrete energy levels by integrals according to the rule: ∑ n f(E_n) ≈ ∫ dn f(E(n)) = ∫ dμ(E) f(E) , (2.16)

where dμ(E) = dE dn(E) dE . (2.17)

– 6 –

Using n(E) = exp S(E) and defining the microcanonical temperature function β(E) = dS(E)/dE we have dμ(E) = dE β(E) e^{S(E)} . (2.18)

In (2.18), S(E) is a smooth function of the continuous energy variable E. It has the interpretation of an interpolating function that agrees with (2.4) on the discrete energy levels. This does not mean that the spectrum is continuous and, in particular, the total entropy S(E) is a finite function.

The time average (2.15) can be approximated as

L ≈ ∫ dμ(E_1) dμ(E_2) dμ(E_3) A_{E1,E2} B^∗_{E1,E2} A^∗_{E3,E}′ B_{E3,E}′ e^{−β(E1+E3)} ∫ dμ(E_1) dμ(E_2) dμ(E_3) dμ(E_4) A_{E1,E2} B^∗_{E1,E2} A^∗_{E3,E4} B_{E3,E4} e^{−β(E1+E3)}

(2.19)

where E^′ = E_2 + E_3 − E_1. We can now evaluate the integrals over E_1 and E_3 in the saddle point approximation. Both saddle points are identical and located at E = E(β) = E_β , the internal energy that solves the equation: ( ∂S ∂E ) E=E_β = β . (2.20)

For large systems with positive specific heat C_V ≫ 1 we may neglect the fluctuations around the saddle point and get L ≈ ∫ dE_2 β(E_2) |A(E_β , E_2)|^2 |B(E_β, E_2)|^2 e^{S(E2)} | |∫ dE_2 β(E_2) A(E_β , E_2) B(E_β, E_2)∗ eS(E2) | |^2

. (2.21)

Notice that the factors proportional to the partition function at the saddle point, exp(S(β)− βE(β)), cancel between numerator and denominator. Now let us assume that the operators A and B have matrix elements around E(β) consisting of a band of width Γ/2 ≪ E(β) and approximate the integrands by their mean value within this band.^1 Then we obtain the estimate (c.f. [4]) L ∼ β Γ · e^{S(β)} [ β Γ · e^{S(β)} ]_2 ∼ e^{−S(β)} β Γ , (2.22)

up to a ratio of matrix elements corresponding to energies close to E_β . The proportionality factor in (2.22) can also get contributions that depend on the precise definition of entropy function. For example, replacing the step function in (2.20) and (2.4) by a Kronecker delta has the effect of replacing β by E_β in (2.22). Apart from these logarithmic ambiguities in its definition, the entropy factor in the exponent has corrections of O(β Γ), a quantity that we assume finite in the thermodynamical or semiclassical limits.

Thus, L is bounded strictly above zero provided the thermodynamic entropy is finite. This shows that a continuous spectrum (such as that of an unbounded system) implies L = 0 and no Poincaré recurrences.

1In local quantum field theory, this technical requirement may depend on an appropriate regularization of the operators, particularly in the definition of G_β (0).

– 7 –

One can derive analogous bounds for different types of correlators. One interesting case is the correlation between operator insertions on disjoint thermo-field doubles (c.f. [2]). In this formalism one works with pure states in a doubled Hilbert space, with a precise entanglement between the two copies. Standard thermal correlators correspond to operator insertions on a single copy. Operator insertions on different copies can be interpreted as measurements of slightly non-thermal states. The relevant correlation functions can be obtained by analytic continuation. For example, for the two-point function on different copies, G_β (t)_{LR} ≡ Tr [ ρ_β A ( t − iβ 2 ) B(0) ] . (2.23)

Aplying similar methods to this correlator^2 we obtain the estimate of the appropriate time average:

L_{LR} ∼ exp(−K(β)) , where K(β) = 2β (F (β) − F (β/2)) − S(β) , (2.24)

and F (β) = E(β) − S(β)/β denotes the canonical free energy.

3. No recurrences in the presence of event horizons

For a bounded gravitating system, black holes should dominate the thermal ensemble at high energies. In that case we expect the bound (2.22) to hold with β the inverse Hawking temperature and S(β) = A_H /4G_N the Bekenstein–Hawking entropy. Thus, the expected recurrence index for black holes has a nonperturbative scaling with Newton’s constant: L ∼ exp(−1/G_N). This suggests that it might be calculable in the semiclassical approximation.

On the other hand, the infinite redshift of an event horizon implies that a quantum field can accumulate an infinite number of modes there, with a finite cost of energy (c.f. [15]). Hence, perturbative correlation functions should reflect a continuous spectrum of excitations and produce L = 0. In this section we review this known fact and identify some related subtleties of the euclidean formalism and the procedures of analytic continuation.

3.1 The continuous spectrum Let us consider a static background metric of the general form

ds^2 = −g(r) dt^2 + dr^2 g(r) + r^2 dΩ^2_{d−2} , (3.1)

where r = r_0 is a non-degenerate event horizon, g(r_0) = 0, with Hawking temperature β^{−1} = g^′(r_0)/4π.

The natural analogue of (2.14) in the background of a black hole is a thermal correlation function of the form G(t, t^′) = Tr [ e^{−βH} ϕ(t, r, Ω) ϕ(t^′, r^′, Ω^′) ] Tr e^{−βH} , (3.2)

2One interesting difference with (2.14) is that now all energy sums are damped by Boltzman factors, improving the convergence in the t → 0 limit.

– 8 – where t − t^′ > 0 and ϕ is a perturbative field in the background (3.1). In the notation of section 2, this would correspond to A(t) = ϕ(t, r, Ω) and B(t^′) = ϕ(t^′, r^′, Ω^′). The splitting of spatial coordinates r, Ω avoids ultraviolet divergences in the t − t^′ → 0 limit, although there remain possible on-shell singularities that must be handled with the appropriate iϵ prescription.

The operator H in (3.2) is the hamiltonian with respect to the asymptotic time variable t, and is defined perturbatively around (3.1). In the free approximation for a bosonic field ϕ we have H_{free} = ∑ ω ω ( N_ω + 1 2 ) , (3.3)

where N_ω is the occupation number of the mode with frequency ω. The large-time behaviour of such correlation functions reduces then to the properties of the frequency spectrum ω.

In the free approximation, we can obtain the frequency spectrum by studying the wave equation (∇^2 − m^2) ϕ(x) = 0 (3.4)

in a basis of modes with definite frequency ϕ(t, r, Ω) = 1 √ 2ω e^{−iωt} ϕ_ω (r, Ω) , (3.5)

and normalized in the Klein–Gordon inner product:

⟨ ψ | φ ⟩_{KG} = i ∫ t=const dσ^μ ψ^∗ ↔ ∂_μ φ . (3.6)

Then, the free approximation to the thermal Green’s function takes the usual form

G(t, t^′)_{free} = ∑ ω ϕ_ω(r, Ω) ϕ_ω (r^′, Ω^′)^∗ 2ω [ (1 + n_ω) e^{−iω (t−t′ )} + n_ω e^{iω (t−t′)} ] , (3.7)

with n_ω = ( e^{βω} − 1 )_{−1} the average occupation number in the thermal ensemble. Replacing t → t − iβ/2 in (3.7) we obtain the analogue of (2.23), which is ultraviolet-finite in the t − t^′ → 0 limit, even for r = r^′, Ω = Ω^′, and is free from on-shell singularities. However, its long time behaviour is governed by the same frequency spectrum ω.

We can further factor out the SO(d − 1) symmetry by writing

ϕ_ω(r, Ω) = r^{2−d2} f_{ω,ℓ}(r) Y_ℓ(Ω) , (3.8)

with Y_ℓ the appropriate spherical harmonic on S^{d−2}:

−∇^2_Ω Y_ℓ(Ω) = C_ℓ Y_ℓ(Ω) .

The frequency and radial wave function are determined by the Schrödinger problem [ − d^2 dr^2_∗ + V_{eff} (r_∗) ] f_{ω,ℓ}(r_∗) = ω^2 f_{ω,ℓ}(r_∗) , (3.9)

– 9 – with V_{eff} = d − 2 2 g(r) ( g^′(r) r + d − 4 2r^2 g(r) ) + g(r) ( C_ℓ r^2

+ m^2 ) . (3.10)

Here we have defined the Regge–Wheeler or “tortoise” coordinate dr_∗ = dr/g(r). In terms of the r_∗ coordinate, the eigenvalue problem (3.9) inherits a standard L^2 inner product from (3.6).

For asymptotically minkowskian spacetimes, g(r) → 1 as r → ∞, the effective potential asymptotes to V_{eff} → m^2, and we obtain the standard continuum spectrum of frequencies for ω > m. Near a non-degenerate horizon, g(r_0) = 0, the effective potential shows the universal scaling V_{eff} (r_∗) ∝ e^{4πr∗/β} , as r_∗ → −∞ , (3.11)

with 1/β = g^′(r_0)/4π the Hawking temperature. We see that the spectrum of positive real frequencies will be continuous, quite independently of the properties of the potential for r ≫ r_0. In particular, enclosing the system in a large box by placing a reflecting wall at large and finite r fails to discretize the spectrum, due to the exponential tail (3.11).

It is instructive here to consider the large r Anti-de Sitter asymptotics g(r) → r^2/R^2 from the point of view of the effective Schrödinger problem in tortoise coordinates. For r → ∞ the tortoise coordinate approaches a maximum value (r_∗)_{max} = πR/2. In addition, the effective potential diverges as r_∗ → πR/2. So, we recover the known fact that AdS spaces behave effectively as finite-volume cavities. For vacuum AdS in global coordinates, g(r) = 1 + r^2/R^2, the tortoise coordinate near the origin is r_∗ ∼ r, so that the range of the effective potential is finite: r_∗ ∈ [0, πR/2]. The spectrum is thus discrete in pure AdS, and continuous in the AdS black hole. However, the Poincaré patch of vacuum AdS, with g(r) = r^2/R^2 has continuous spectrum, as r = 0 is a degenerate horizon with g(0) = g^′(0) = 0.

The frequency spectrum in the presence of horizons is thus continuous in the free approximation. Perturbative corrections in the black hole background are constructed in terms of the free Green’s functions, and will not discretize the spectrum (unless perturbation theory itself breaks down.) Hence, we have perturbative correlation functions G(t) with infinite Heisenberg time. Defining the corresponding time average in the background of interest, L ≡ lim_{T →∞} 1 T ∫_T 0 dt | | | G(t) G(0) | | | 2 , (3.12)

we will find L = 0 in the presence of static horizons, at least within the perturbative formalism sketched here. Since t − t^′ > 0 in our Green’s functions, they are actually retarded correlators, and the large-time decay can be understood in terms of complex frequencies, a thermal analog of the so-called “quasinormal modes” [9].

3.2 Euclidean formalism

The vanishing of the recurrence index, L = 0, in the previous discussion is tied to the continuous spectrum of the perturbative hamiltonian H = i ∂/∂t. In the same approximation, the perturbative partition function Tr exp(−βH) that appears in the normalization of (3.2) is divergent. This means that the defining expression (3.2) is somewhat formal

– 10 –

(although (3.7) does make sense even for continuous spectrum.) A more rigorous definition of thermal correlation functions is by analytic continuation from euclidean correlation functions. This formalism also offers a vantage point of view on the issues of regularization and renormalization of ultraviolet divergences.

In the semiclassical approach to thermal effects in quantum gravity, one starts from smooth euclidean backgrounds with appropriate boundary conditions, c.f. [16]. For the case of black holes in canonical ensembles, one encounters euclidean manifolds X, with metrics of the form ds^2 = g(r) dτ^2 + dr^2 g(r) + r^2 dΩ^2_{d−2} , (3.13)

with τ ≡ τ + β and β the inverse Hawking temperature. With this periodicity of the euclidean time τ the metric (3.13) is smooth at the horizon, defined by g(r_0) = 0, and^3 is restricted to the region r ≥ r_0.

The thermal partition function is given by Z(β) = exp(−I(X)), where I(X) is the euclidean effective action evaluated on X. As a function of β, it is interpreted as the canonical free energy, and determines all thermodynamic functions, including the correct black-hole entropy [17]:

S(X) = (β ∂_β − 1) I(X) . (3.14)

We shall assume that the asymptotic boundary conditions ensure the stability of the canonical ensemble, in the sense that the specific heat is positive: C_V > 0. For black hole states this will require working on a finite box, or in AdS space.

In the gravity perturbative expansion, the euclidean effective action takes the form I(X) = ∞∑ n=0 λ^{2n−2} I_n(X) , (3.15)

where the I_n are functions of β and whatever other moduli we can adscribe to X. The effective expansion parameter is given by the string coupling λ = g_s or some multiple of Newton’s constant λ^2 = G_N/ℓ^{d−2}_{eff} in low-energy descriptions with effective cutoff at length scale ℓ_{eff} . Notice that the leading term λ^{−2}I_0 = I_{cl} is precisely the classical approximation to the effective action and is of O(1/G_N). Although these manipulations are usually carried out within a low-energy field theory, euclidean backgrounds defining worldsheet conformal field theories are also the starting point of perturbative string theory. Even at a nonperturbative level, the euclidean approach to gravitational thermodynamics has been shown to integrate nicely within the AdS/CFT correspondence [7].

Following [16, 18] we can define real-time properties of the thermal ensemble by standard analytic continuation to lorentzian metrics: τ = i t. For instance, euclidean correlation functions of local fields in (3.13) can be used to derive lorentzian counterparts on the different patches of the extended lorentzian manifold, such as (3.2), or the vacuum Green’s function on the full Kruskal extension of the Schwarzschild metric.

3Everything we say in this section can be generalized to the more general case of metrics ds^2 = g(r) dτ^2 + f(r)^{−1} dr^2 + r^2ds^2_K , with f(r0) = g(r0) = 0 and K a (d − 2)-dimensional compact manifold.

– 11 –

A formal path integral formula for euclidean Green’s functions is

G^E (τ, τ^′) = ∫ dμ(ϕ, . . .) ϕ(τ, r, Ω) ϕ(τ^′, r^′, Ω^′) e^{− 1}2^{∫ β0 (∂ϕ)2+m2ϕ2+...} ∫ dμ(ϕ, . . .) e^{− 1}2^{∫ β0 (∂ϕ)2+m2ϕ2+...} (3.16)

where the dots represent the contribution of other fields to the measure and the action, together with the perturbative interactions. In principle, (3.16) is defined in a low-energy field theory, but we could imagine that such correlation functions exist in an off-shell definition of string field theory. In this expression, dμ(ϕ, . . .) is the formal measure over the field ϕ, together with the metric fluctuations and all the other bulk degrees of freedom with canonical thermal boundary conditions.

A more rigorous definition is possible in the context of the AdS/CFT correspondence, where one can define correlators of local CFT operators by taking the r → ∞ limit in the bulk field insertions, with wave-function factors (r/R)^Δ for fields dual to a local CFT operator of conformal dimension Δ. Correlation functions such as (3.16), in terms of local operators in the bulk, can be interpreted as correlators of spatially nonlocal operators in the CFT. Since our discussion of recurrences in section 2 only requires the operators to be local in time, we may carry our arguments directly in terms of (3.16).

The euclidean time direction in (3.13) is isometric, and G^E (τ, τ^′) is only a function of Δτ = τ − τ^′. After G^E (τ, τ^′) has been renormalized on the euclidean manifold X, we can define (3.2) by standard analytic continuation in the time argument, −iΔτ = Δt = t − t^′ > 0, a procedure that takes care of the appropriate iϵ prescription. From the same Hartle–Hawking Green’s function one can also define correlators on different thermo-field doubles, which do not suffer from on-shell singularities, by the prescription (2.23).

This definition makes it somewhat paradoxical that the lorentzian Green’s function G(t, t^′) should show a continuous spectrum of excitations localized at the horizon, because r = r_0 is a perfectly regular point of the manifold X. The euclidean Green’s function can be written as G^E (τ, τ^′) = ⟨ τ | (K_X )^{−1} | τ^′ ⟩ + · · · , (3.17)

where the dots stand for interaction corrections and K_X is the kinetic operator on X. For a free scalar, it is given by K_X = −∇^2_X + m^2. The manifold X is smooth at r = r_0 and the spectrum of K_X becomes discrete once we impose a large-volume cutoff. Then, how is it possible for (3.7) to have a spectral decomposition with continuous frequency spectrum? The “disease” of the continuous spectrum has been tied to the phenomenon of divergences in the calculation of black hole entropy [15] and the question of their renormalization [19]. However, here we are obtaining a consequence of this “disease” at the level of a manifestly ultraviolet-finite quantity, such as the long-time free propagator. In this sense, an infrared interpretation of the divergence in [15] seems more natural, along the lines of [20, 21].

This phenomenon can be traced back to a subtlety in the analytic continuation from (3.16) to (3.2), which in turn originates on the peculiar topology of the euclidean black hole manifold X. We sketch here the main points, referring the reader to [21] for more details.

– 12 –

In order to write a hamiltonian representation with respect to H = i ∂/∂t one must foliate the spacetime in t = constant hypersurfaces. In the original euclidean manifold X this corresponds to τ = constant hypersurfaces. However, the euclidean time orbits are contractible on X, and the horizon r = r_0 is a singularity of the folliation, because it is invariant under translations of τ. For this reason we can expect some subtle behaviour of the hamiltonian representation (3.2). One way of rendering the folliation non-singular is to remove the submanifold at the point r = r_0 and define the correlation functions by continuity. Then the manifold X^′ ≡ X − {r = r_0} has a smooth time folliation and differs from X by a set of measure zero. However, it has different topology from X and the “boundary” at r = r_0 is non-compact.

We can now consider the operator

~K_{X′} = |g_{00}| K_X , (3.18)

which is well defined on X^′ and has a very simple time dependence. For the metrics of the form (3.13), ~K_{X′} = −∂^2_τ − g(r) r^{2−d} ∂_r r^{d−2} ∂_r − g(r) ∇^2_Ω + m^2 . (3.19)

Instead of the standard covariant inner product ⟨ ψ | φ ⟩ = ∫ X d^dx √ |g| ψ^∗(x) φ(x) (3.20)

we may define a rescaled inner product on X^′: ⟨⟨ ψ | φ ⟩⟩ = ∫ X^′ d^dx μ(x) ψ^∗(x) φ(x) , where μ(x) ≡ √ |g| |g_{00}| . (3.21)

Then, the Green’s function

~G^E (τ, τ^′) = ⟨⟨ τ | ( ~K_{X′} )^{−1} | τ^′ ⟩⟩ (3.22)

satisfies the same differential equation as the Hartle–Hawking Green’s function (3.17), when restricted to X^′. On the other hand, the eigenvalue problem for the operator ~K_X′ is given by ~K_{X′} ~ψ_{n,ω}(τ, r, Ω) = λ_{n,ω} ~ψ_{n,ω}(τ, r, Ω) , (3.23) with λ_{n,ω} = 4π^2n^2 β^2 + ω^2 , ~ψ_{n,ω}(τ, r, Ω) = 1 √ β e^{2πiτ /β} ϕ_ω(r, Ω) , (3.24)

where n ∈ Z and ω^2 solves (3.9). Therefore, on X^′ we can write

~G^E (τ, τ^′) = 1 β ∑ n ∑ ω e^{2πin(τ −τ ′)/β} ϕ_ω(r, Ω) ϕ^∗_ω (r^′, Ω^′) ω^2 + 4π^2n^2/β^2

. (3.25)

Evaluating now the sum over n using the identity 1 β ∑ n∈Z e^{2πinΔτ /β} 4π^2n^2

β^2 + ω 2 = 1 2ω cosh ω(Δτ − β/2)

sinh(βω/2)

(3.26)

and performing the analytic continuation Δτ = i Δt we obtain (3.7).

– 13 –

Since (3.17) and (3.25) satisfy the same differential equation, we expect that ~G^E gives exactly the Hartle–Hawking Green’s function on X, when extended by continuity from X^′. This last step is not completely free of ambiguities, since the operator ~K_X′ itself is not well defined at r = r_0. However, this question can be settled by an explicit calculation in the near-horizon approximation.

3.3 The near-horizon limit The emergence of continuous spectrum out of smooth euclidean Green’s functions can be illustrated with the explicit example of perturbations in the near-horizon region. For r ≈ r_0 we can approximate the metric by Rindler space, with a pure exponential potential in (3.11). Setting ξ = 2 √ (r − r_0)/g^′(r_0) and θ = 2πτ/β, the euclidean Rindler space in the vicinity of the horizon r ≈ r_0 becomes a copy of flat R^d space:

ds^2 ≈ ξ^2 dθ^2 + dξ^2 + dy^2 . (3.27)

In lorentzian signature, the wave functions on the exponential potential are given by Bessel functions ϕ_{p, ω}(ξ, y) = e^{ip·y} π (2π)^{d−2}2 √ 2ν sinh(πν) K_{iν} (μ ξ) (3.28)

where μ^2 = m^2 + p^2 and ν = βω/2π. Starting from (3.25) we have the explicit representation as a continuous frequency integral

~G^E (Δτ) = ∫ dp (2π)^{d−2} e^{ip·Δy} ∫_∞ 0 dν π^2 cosh[ν(Δθ − π)] K_{iν} (μ ξ) K_{iν} (μ ξ^′) . (3.29)

The integrals can now be evaluated (see for example appendix A of [21]) to obtain

G^E (Δτ) = 1 2π ( m 2πΔs ) d−2_2 K d−2_2 (mΔs) , (3.30)

where Δs is the geodesic distance on R^d . The final result is the Green’s function of the laplacian on R^d , i.e. the Hartle–Hawking euclidean Green’s function. Thus, we have shown by explicit calculation that a real-time thermal correlator with continuous spectrum at the horizon is the analytic continuation of an euclidean correlator that is perfectly smooth in the vicinity of r = r_0. We can now continue (3.30) back to lorentzian signature and check the large time asymptotics of the correlator. Consider the geodesic distance between two points in (3.27) with equal values of ξ and y and Δτ < β. We have Δs = 2ξ sin(πΔτ/β). Performing the analytic continuation Δs → −2i ξ sinh(πΔt/β). Hence, at large Δt the real-time correlator vanishes exponentially and shows no Poincaré recurrences.

Because of the exponential barrier at large r_∗, the dissipation of perturbations located at r ≈ r_0 occurs mostly towards the horizon, with a lifetime given by

| Im ω|^{−1} = 2β π(d − 1) = 8 (d − 1)g^′(r_0)

, (3.31)

in the massive case, and

| Im ω|^{−1} = 2β π(d − 2) = 8 (d − 2)g^′(r_0)

, (3.32)

– 14 – in the massless case. We see that the characteristic time scales are independent of the non-zero mass and are controlled by the Hawking temperature of the black hole. It should be noted however that (3.31), (3.32) must be viewed only as order-of-magnitude estimates of the true black hole’s damping frequencies. Since the Rindler approximation regards the horizon as flat R^d , results are not accurate on scales of the Schwarzschild radius, which can be of the same order of magnitude as | Im ω |^{−1}.

3.4 The brick wall

We have traced the absence of recurrences to the peculiar topological properties of the euclidean manifold X. This special topology guarantees the emergence of a classical contribution to the entropy [17]. At the same time, it renders the analytic continuation to real time completely blind to the spacing of black hole energy levels. Hence, the restoration of the recurrences depends on dynamical effects that change the topology of X. This conclusion holds for any static horizon, including de Sitter in the static patch, and implies that the details of unitary time evolution can only be retrieved by new nonperturbative effects.

The recurrences can be restored if we give up the smooth nature of X and change its topology in an ad hoc way. For example, we may cut out the manifold at a distance ε from the horizon, imposing a Dirichlet boundary condition on fields, i.e. ’t Hooft’s brick-wall model [15]. This reflecting boundary condition makes the domain of r_∗ compact, and the Schrödinger problem (3.9) yields a discrete frequency spectrum.

The euclidean cutoff manifold X_ε has now cylindrical topology and no classical entropy of Hawking–Gibbons type. The leading contribution to the entropy arises at one-loop level and diverges as S(X_ε) ∼ A_H /ε^{d−2}. If this is equated with the Bekenstein–Hawking entropy, we have an a posteriori adjustment of the phenomenological parameter, ε. The effective potential (3.11) for low energy excitations has now discrete spectrum and the recurrence index L ∼ exp(−S(X_ε)) has the right order of magnitude. Of course, such modifications of the boundary conditions are not consistent with the systematics of the semiclassical expansion. Rather, one should find well-defined nonperturbative corrections that impose such effective boundary conditions. From our discussion we know that they should involve topology-changing processes, and some candidate configurations will be described in the next section.

4. Poincaré recurrences and topological diversity

The recurrence index was estimated as L ∼ exp(−S) for systems with discrete spectrum. This estimate yields L ∼ exp(−A_H /4G_N) for a system whose entropy is dominated by a black hole phase. However, a direct analysis of correlation functions in the background of a black hole yields L = 0 in perturbation theory. In this respect, the recurrence index L seems to behave quite differently from the partition function Z(β).

Nonperturbative effects of O(e^{−1/GN} ) arising in the semiclassical expansion must effectively discretize the energy spectrum in order to capture the phenomenon of the recurrences. It is unlikely that string D-instanton corrections in the background (3.13) would achieve

– 15 – this goal, at least within the dilute-gas regime. Large-scale fluctuations of the gravitational background that change the global topology of (3.13) might be strong enough [2]. Consider, for example, tunneling transitions between (3.13) and other backgrounds with discrete spectrum of excitations in perturbation theory. In this case we may obtain a nonvanishing result for the recurrence index L from the contribution of these backgrounds with discrete spectrum. In this section we obtain a quantitative estimate of these “instanton effects” and we discuss their physical interpretation.

Let us consider a set of perturbative euclidean backgrounds X_α that share the same thermal boundary conditions. The characteristic example of this in the black-hole applications is the substitution of the black-hole metric by the vacuum metric with a gas of perturbative thermal particles at temperature 1/β. In the AdS/CFT context, they correspond to different large-N master fields of the CFT that contribute at the same temperature. In this situation the total measure dμ(ϕ, . . .) splits into the different perturbative measures dμ_α around each background, ∫ dμ → ∑ α e^{−Icl(Xα)} ∫ dμ_α , (4.1)

where we have explicitly included the suppression factor by the classical euclidean action of each background. The total euclidean correlator is then given by an average over the different backgrounds. Applying the substitution (4.1) to (3.16) we find

G^E (τ, τ^′) = ∑ α e^{−I(Xα)} G^E_α (τ, τ^′) ∑ α e^{−I(Xα)} . (4.2)

Here I(X_α) = I_{cl} (X_α) + O(λ^0) denotes the perturbative expansion of the effective action around the background manifold X_α.

Real-time response functions, denoted collectively by G(t), are defined through the analytic continuation in the time arguments τ, τ^′ as before: G(t) = ∑ α e^{−I(Xα)} G_α(t) ∑ α e^{−I(Xα)} . (4.3)

This expression applies to thermal correlators either of type (2.14) or of type (2.23), provided the gravitational counterparts G_α(t) are defined accordingly. From this expression we can calculate the “instanton” approximation to L with the result

L_{inst} = ∑ α,β e^{−I(Xα)−I(Xβ )} G_α(0) G_β (0)^∗ L_{αβ} ∑ α,β e^{−I(Xα)−I(Xβ )} G_α(0) G_β (0)^∗ , (4.4)

where we have defined the time averages of the gravity Green’s functions: L_{αβ} ≡ lim_{T →∞} 1 T ∫_T 0 dtL_{αβ} (t) , L_{αβ} (t) ≡ G_α(t) G_β (t)^∗ G_α(0) G_β (0)^∗

. (4.5)

– 16 –

The zero-time Green’s functions G_α(0) are of O(1) in the semiclassical limit. Hence, the denominator of (4.4) is dominated by the manifold with largest partition function at each temperature. We shall denote this thermodynamically-dominating manifold X. On the other hand, the numerator is determined by the competition between the thermodynamical partition function and the time averages L_{αβ} . At any rate, the time averages vanish identicaly for any black-hole background. Hence, the background that dominates the numerator of (4.4), denoted Y , does not contain horizons. In this way we arrive at the final estimate: L_{inst} ≈ e^{−2 ΔI} | |C_{Y /X} | |^2 · L_Y , (4.6)

where we denote

ΔI = I(Y ) − I(X) and C_{Y /X} =

G_Y (0) G_X (0) . The value of L_Y is controlled by the eigenvalue spacing of H(Y ), the perturbative hamiltonian of gravitational fluctuations in the background Y . This background has no horizons and H(Y ) has discrete spectrum. Applying the general discussion of section 2 we obtain L_Y ∼ exp(−S(Y )). Hence, the instanton approximation to L agrees exactly with the bound (2.22) when X = Y , i.e. when the thermodynamical free energy is dominated by a thermal gas with no black holes.

At sufficiently large temperatures black holes will be dominating and X ≠ Y . In this case, the leading exponential suppression of L_{inst} is of order exp(−2ΔI) ∼ exp(−1/G_N), and the result of (2.22) is recovered in order of magnitude. The agreement is exact in the strict G_N → 0 limit (or N → ∞ in the dual CFT), where the entropy is no more finite and the bound itself vanishes.

We may ask whether the agreement between (2.22) and (4.6) is exact also at the level of O(exp(−1/G_N)) accuracy in the exponential suppression. In order to parametrize the success of the instanton approximation to L we define the relative error of the exponent η ≡ S(X) − 2ΔI S(X) . (4.7)

The instanton approximation would be succesful if this quantity turned out to be zero in the leading O(1/G_N) approximation. We now check the value of η with an explicit computation in two characteristic examples.

4.1 Schwarzschild black holes in a box The simplest system of a black hole in finite volume is that of a Schwarzschild solution with reflecting boundary conditions on a sphere of radius R. It has the problem that the mathematical characterization of the box is very unphysical. In addition, it lacks a known holographic dual. However, we can assume that such a quantum mechanical description exists and then we can calculate η in the semiclassical approximation, following York, [22].

Let us consider the canonical equilibrium of Schwarzschild black holes with euclidean metric ds^2 = ( 1 − (r_0 r )_{d−3}) dτ^2 + dr^2 (1 − (r_0/r)^{d−3})

+ r^2 dΩ^2_{d−2} (4.8)

– 17 – in spacetime dimensions d ≥ 4 with a spherical boundary at r = R kept at fixed temperature 1/β. The period of τ is fixed by the requirement of smoothness at r = r_0 and is given by τ ≡ τ + β_τ , where β_τ = 4π d − 3 r_0 . (4.9)

The inverse local temperature at the boundary β is the proper size of the thermal circle at r = R, i.e. β = β_τ √ 1 − (r_0 R )_{d−3} = 4πr_0 d − 3 √ 1 − (r_0 R )_{d−3} . (4.10)

This expression shows that such black holes have positive specific heat, dβ/dr_0 < 0, for

r_0 > R ( 2 d − 1 ) 1_{d−3} , and that there is a minimum temperature for equilibrium in the box. Using now the standard expressions for the ADM mass and Bekenstein–Hawking entropy: M = (d − 2) vol (S^{d−2}) 16πG_N r^{d−3}_0 , S = vol (S^{d−2}) 4G_N r^{d−2}_0 , (4.11)

we can obtain the free energy I = β M − S, or

I_{bh} = vol (S^{d−2}) 4G_N r^{d−2}_0 [ d − 2 d − 3 √ 1 − ( r_0 R )_{d−3} − 1 ] . (4.12)

With this normalization, the free energy of a pure radiation ball is I = 0 to order O(1/G_N). The black hole in equilibrium with radiation dominates over the pure radiation state for Schwarzschild radii above the critical nucleation radius

r_0 > r_{nucl} = R ( 2d − 5 (d − 2)^2 ) 1_{d−3} . (4.13)

In this example, the background X is given by a black hole for temperatures above the nucleation temperature. The background Y continues to be the flat-space box. Here ΔI = −I_{bh} and the mismatch parameter,

η = −1 + 2d − 4 d − 3 √ 1 − (r_0 R )_{d−3} , (4.14)

varies between η = 1 at the nucleation temperature, down to η = −1 at infinite temperature. We see that the instanton evaluation of L is generically different from the direct quantum mechanical estimate. At the particular Schwarschild radius

r_0 = R ( (3d − 7)(d − 1) 4(d − 2)^2 ) 1_{d−3} (4.15)

we have η = 0.

– 18 –

4.2 AdS black holes A more rigorous example in which the boundary is fully specified by a gravitational interaction is the case of black holes in AdS space. This is more interesting, because we may regard the correlators G(t) as defined non-perturbatively in the dual CFT theory on the boundary. In this case, for local operators in the bulk of AdS, the corresponding operators in the CFT are non-local. This is not a problem, since the general considerations of section 2 make no assumptions about the spatial locality of the operators A and B.

Recall the computation of the free-energy difference between the large AdS_d black hole, which we denote X, and the AdS vacuum, denoted Y , in the classical gravity approximation (c.f. [7]),

ΔI = I(Y ) − I(X) = vol(S^{d−2}) 4 G_N r^d_0 − R^2r^{d−2}_0 (d − 1) r^2_0 + (d − 3)R^2

, (4.16)

where r_0 stands for the horizon radius, related to the inverse temperature by the formula β = 4πR^2r_0 (d − 1) r^2_0 + (d − 3)R^2

. (4.17)

The mismatch of the instanton method is now given by η = (d − 3)r^2_0 + (d − 1) R^2 (d − 1) r^2_0 + (d − 3)R^2

. (4.18)

We find that the disagreement is in general of O(1). The mismatch between both estimates is maximal at the Hawking–Page phase transition r_0 = R where the ratio η = 1. At very large temperatures, β ≪ R, it decreases according to the law η = d − 3 d − 1 + 1 2π^2(d − 1) ( β R )_2 + O ( β^4 R^4 ) . (4.19)

For d = 3 this asymptotic formula is exact, without any O(β^4/R^4) corrections. We see that the two estimates of L are exponentially different at any finite temperature above the phase transition. They only agree for d = 3 in the strictly infinite temperature limit.

In d = 3 there is a rich structure of black holes related by SL(2, Z) transformations [23]. However, the previous analysis still applies, provided we only consider non-rotating black holes. At zero angular momentum, all the extra black holes are subleading, either to the vacuum AdS at low temperatures, or to the high-temperature black hole beyond the phase transition.

The d = 3 case presents however an interesting peculiarity. Unlike the d > 3 case, BTZ black holes do not approach the vacuum in the zero-mass limit. The smallest regular black hole has zero mass in units in which the energy of the vacuum is the Casimir energy of the Neveu–Schwarz sector, namely

E_{NS vac} = − C 12R (4.20)

with C the CFT’s central charge. The zero-mass black hole in the NS sector is degenerate with the Ramond vacuum and has zero temperature and metric

ds^2 = r^2 R^2

(−dt^2 + R^2 dφ^2) + R^2 dr^2 r^2

. (4.21)

– 19 –

Thus, this metric describes the Ramond vacuum if we assign periodic boundary conditions to the fermions in the asymptotic spatial cycle. But this metric is just the Poincaré patch of the vacuum AdS manifold, so r = 0 is a horizon, with the associated problem of the continuous spectrum of modes [24]. In addition, this horizon is actually singular on account of the compact nature of the angle φ. So, the Ramond sector of the two-dimensional CFT is an example where the vacuum manifold has already the disease of the continuous spectrum,^4 and it seems impossible that large-distance semiclassical effects could restore the Poincaré recurrences.

A similar phenomenon takes place in AdS spaces of arbitrary dimension at sufficiently large temperatures. At very small β, the vacuum AdS_d manifold with a thermal gas becomes unstable, either by the Jeans instability or by other stringy effects. In such a situation, we would lack an appropriate Y background to recover a nonvanishing L. For example, the standard AdS_5 × S^5 model develops thermal tachyons when the temperature reaches either the Hagedorn temperature in the bulk R/β ∼ (g_sN)^{1/4}, or the Jeans temperature R/β ∼ N^{1/5} (c.f. [8, 26, 27]).^5

4.3 Long and very long time scales

We have seen that, while the instanton approximation (4.6) to the unitarity bound (2.22) is right in order of magnitude, it is unlikely to be exact to order exp(−1/λ^2). We can argue this by noticing that L_{inst} ∼ exp(−2ΔI) is universal for all types of two-point functions that can be obtained as analytic continuation of the euclidean Hartle–Hawking Green’s functions. In particular, it applies to the L_{LR} average in the thermo-field double. However, we know that the direct bounds of section 2 have a slight dependence on the class of correlation function considered (compare (2.22) with (2.24)). Furthermore, the evaluation of L_{inst} relies on the existence of an appropriate Y background with discrete spectrum, a requirement that is not met in the RR sector of BTZ black holes, or even in general AdS spaces for sufficiently large temperatures.

In fact, despite the agreement between (2.22) and (4.6), the instanton processes considered so far do not directly address the question of Poincaré recurrences. Let us consider the instanton prediction for the very long time behaviour of the normalized ratio L(t), rather than the time average. Since lim_{t→∞} G_X (t) = 0, we have

L(t)_{inst} ≈ e^{−2ΔI} | |C_{Y /X} | |^2 · L_Y (t) , (4.22)

for sufficiently large times.

In (4.22) the period of quasiperiodicity of L(t)_{inst} is that of L_Y (t). This is controlled by the average eigenvalue spacing of the perturbative hamiltonian H(Y ), which is of O(1) in the semiclassical expansion in powers of λ. Therefore, the Heisenberg time of L(t)_{inst} scales as t_H (Y ) = O(1). On the other hand, the exact CFT has a dense band of states with

4In this case one can hope for improvements of the semiclassical approximation along the lines of [25]. 5This is just as well, because otherwise the background Y would dominate the thermodynamics at temperatures R/β ≫ N^{1/3}, having a non-holographic scaling in the temperature IY ∼ −(R/β)^9, to be compared with IX ∼ −N^2 (R/β)^3.

– 20 –

Figure 1: Schematic representation of the very long time behaviour of L(t)_{inst} (dark line) compared to the expected pattern for the exact quantity L(t). The resurgences of L(t)_{inst} occur with periods of order t_H (Y ) = O(λ^0) and have amplitude of order e^{−1/λ2} ≪ 1. The expectations for the exact CFT, in the dashed line, are O(1) resurgences with a much larger period t_H ∼ e^{1/λ2} ≫ t_H (Y ), corresponding to tiny energy spacings of order e^{−1/λ2} . Despite the gross difference of both profiles, the infinite time average is O(e^{−1/λ2} ) for both of them.

spacing of order exp(−S) ∼ exp(−1/λ^2), leading to a Heisenberg time of order t_H ∼ e^{1/λ2} . Since t_H (Y ) ≪ t_H , the single instanton approximation does not reflect the correct time scale of the problem. In addition, while L_Y (t) does show O(1) resurgences on periods of order t_H (Y ), the overall prefactor in (4.22) means that the resurgences of L(t)_{inst} are only of size e^{−2ΔI} ∼ e^{−1/λ2} ≪ 1. Thus we conclude that the single instanton approximation to L(t) has the wrong pattern of Poincaré recurrences, both at the level of the period and also the amplitude. Interestingly, these two errors tend to cancel one another when considering the infinite time average L_{inst}, which simply means that time averages can be misleading in this particular problem.

However, even though the small noise (4.22) is not directly related to the true Poincaré recurrences, it does represent an interesting correction to the semiclassical correlators in the black hole background, showing the first signs of information retrieval. In particular, its effects are significant much before the Poincaré time. To see this we can start from (4.3), before taking the time average, and estimate L(t) as

L(t)_{inst} = L_X (t) + e^{−2ΔI} | C_{Y /X} |_2 L_Y (t) + 2 e^{−ΔI} Re [ C_{Y /X} L_{XY} (t) ] + · · · (4.23)

where the amplitude of L_{XY} (t) is of order |L_X (t) · L_Y (t)|^{1/2} . Approximating the long time behaviour of the black hole correlation functions as

L_X (t) ∼ exp(−2Γ t) , (4.24)

we find that the O(1) “bumps” of L_Y (t) represent a significant correction to L_X (t) for critical times t_c such that exp(−Γt_c) ∼ exp(−ΔI), that is t_c ∼ ΔI Γ , (4.25)

a very large time for macroscopic black holes, but still exponentially smaller than the true

– 21 –

Heisenberg time of the system. In fact, in the strict semiclassical limit, where λ^2 ∼ 1/N^2 is smaller than any other dimensionless quantity in the system, one has t_c ≫ t_H (Y ), and the “instanton noise” (4.23) looks like a stabilization of the time correlator L(t), when considering time scales of order t_c.

We have seen in section 3 that Γ is proportional to 1/β up to perturbative corrections, which gives t_c ∼ β ΔI. For very massive fields in AdS_3 black holes, corresponding to CFT_2 operators of very high dimension Δ ∼ m R ≫ 1, the WKB approximation to the correlator yields Γ ∼ m R/β and we recover the “fluctuation time” t_c ∼ β ΔI/mR of the first paper in [28].

5. Discussion

Black holes may violate the Poincaré theorem on recurrences in two different ways. First, there will be no recurrences if the evaporation process violates quantum coherence. However, even if we keep the standard unitary formalism of quantum mechanics, recurrences are averted by the effectively non-compact phase space of the black hole horizon. This is exactly what happens in the semiclassical approximation to equilibrium gravitational thermodynamics. The success of the semiclassical treatment for thermodynamical quantities is largely based on the prescription of Hartle and Hawking, that incorporates horizons by the topological “no boundary” condition. Here we have shown that the smoothness of the euclidean black hole manifolds at the horizon is ultimately responsible for the continuous spectrum in lorentzian correlation functions.

Thus, the horizon “no boundary” condition is thermostatic in nature and fundamentally “coarse grained”, missing important information about the details of the thermal ensemble (see also [29]). We have seen that the recurrences can be restored by a singular modification of the smooth manifold X, such as the brick-wall boundary condition of [15]. A more physical boundary condition at the horizon is only obtained within a nonperturbative formulation of quantum gravity, such as the AdS/CFT correspondence. In this respect, the infinite storage capacity of states at the horizon violates the “stringy exclusion principle” [24].

One limitation of these ideas is the specific nature of concrete AdS/CFT dual pairs, since the correspondence provides a quantum interpretation of large black holes together with the asymptotic AdS space. It is much less clear how to generalize these considerations to large black holes in general spacetimes. Even the CFT state that corresponds to small, unstable black holes in AdS has not been identified.

One point of view would be that quantum properties of a black hole can be specified by a sort of “quantum horizon”, independently of the particular asymptotic vacuum where the black hole sits. One can imagine that horizons support a subspace H_H of the total Hilbert space of states, and that the structure of H_H has some universal features. This is one of the implicit assumptions of the so-called “stretched horizon” phenomenological model [30, 31, 32], as well as approaches that involve dynamical limits with change of the vacuum (c.f. for example [33, 34]). While semiclassically all stretched horizons are described as thermodynamical “hot surfaces” with internal entropy (’t Hooft’s brick-wall model being

– 22 – just the crudest version of the stretched horizon), the AdS/CFT correspondence gives no concrete evidence that this universality should extend to the detailed quantum structure. In fact, the confusing situation with the quantum description of de Sitter space would speak to the contrary.

Nevertheless, it is possible that part of the quantum structure of stretched horizons is accesible within a systematic semiclassical expansion in the bulk theory. Time averages of correlators are natural candidates to test this idea, being of order exp(−1/λ^2), where λ^2 ∼ G_N is the effective expansion parameter of the gravitational theory (string, M-theory or CFT dual). This suggests that the recurrences could be restored by summing appropriate instantons. We have examined one class of instanton transitions proposed in [2], in terms of large-scale topology-changing fluctuations of the geometry. Although the expected time-averaged bound is obtained in order of magnitude, there are reasons to believe that the instanton approximation fails to capture the Poincaré recurrences. Specifically, both the time scale of correlator “bumps” and their amplitude are much smaller than expected. While this class of instanton corrections gives an interesting long-time noise to the correlation functions, foretelling the restoration of unitarity, the large recurrences still stay out of reach of these particular semiclassical processes.

These considerations show the inherent limitations of the “master field” approximation when it comes to reveal fine details of the quantum mechanical system. Incidentally, this might be important in related contexts, such as the program of extracting information about spacelike singularities from thermal CFT correlators, c.f. [28, 35].

It would be useful to have a general picture of how recurrences are to be retrieved from a given microscopic model of the stretched horizon, independently of the particular largedistance asymptotics of the whole system. Our results indicate that large-scale instanton contributions are not enough. Perhaps instanton effects on shorter scales can be identified as the main actors. In this respect, it is worth pointing out that the smoothness of the euclidean black-hole saddle point is the result of a fine-tunning between the curvature and the temperature identification. If back-reaction effects induce temperature fluctuations this translates into conical singularities in X. In string theory this could bring interesting dynamics of closed-string tachyon condensation (c.f. [36, 37, 27, 38, 39]).

Acknowledgments

We would like to thank O. Aharony, L. Alvarez-Gaumé, T. Banks, K. Bardakci, M. Berkooz, S. Elitzur, C. Gómez, J. Maldacena, E. Martinec, B. Pioline, S. Shenker and S. Solodukhin for useful discussions. The work of J.L.F.B. was partially supported by MCyT and FEDER under grant BFM2002-03881 and the European RTN network HPRN-CT-2002-00325. The work of E.R. is supported in part by the Miller Foundation, the BSF-American Israeli Bi-National Science Foundation, The Israel Science Foundation-Centers of Excellence Program, The German-Israel Bi-National Science Foundation and the European RTN network HPRN-CT-2000-00122.

– 23 –

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109];

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[2] J.M. Maldacena, Eternal black holes in anti-de Sitter, J. High Energy Phys. 04 (2003) 021 [hep-th/0106112].

[3] L. Dyson, J. Lindesay and L. Susskind, Is there really a de Sitter/CFT duality, J. High Energy Phys. 08 (2002) 045 [hep-th/0202163].

[4] L. Dyson, M. Kleban and L. Susskind, Disturbing implications of a cosmological constant, J.

High Energy Phys. 10 (2002) 011 [hep-th/0208013].

[5] N. Goheer, M. Kleban and L. Susskind, The trouble with de Sitter space, J. High Energy Phys. 07 (2003) 056 [hep-th/0212209].

[6] S.W. Hawking and D. Page, Thermodynamics of black holes in anti-de Sitter space, Commun. Math. Phys. 87 (1983) 577.

[7] E. Witten, Anti-de Sitter space, thermal phase transition and confinement in gauge theories, Adv. Theor. Math. Phys. 2 (1998) 505 [hep-th/9803131].

[8] J.L.F. Barbón and E. Rabinovici, Extensivity versus holography in anti-de Sitter spaces, Nucl.

Phys. B 545 (1999) 371 [hep-th/9805143].

[9] D. Birmingham, I. Sachs and S.N. Solodukhin, Relaxation in conformal field theory, Hawking-page transition and quasinormal/normal modes, Phys. Rev. D 67 (2003) 104026 [hep-th/0212308].

[10] S.W. Hawking, Breakdown of predictability in gravitational collapse, Phys. Rev. D 14 (1976) 2460.

[11] V.I. Arnold, A. Weinstein and K. Vogtmann, Mathematical methods of classical mechanics, Springer Verlag, New York 1989.

[12] M. Srednicki, The approach to thermal equilibrium in quantized chaotic systems,

cond-mat/9809360.

[13] W. Thirring, Quantum mechanics of large systems, Springer-Verlarg, New York 1984.

[14] T. Banks, L. Susskind and M.E. Peskin, Difficulties for the evolution of pure states into mixed states, Nucl. Phys. B 244 (1984) 125.

[15] G. ’t Hooft, On the quantum structure of a black hole, Nucl. Phys. B 256 (1985) 727.

[16] J.B. Hartle and S.W. Hawking, Path integral derivation of black hole radiance, Phys. Rev. D 13 (1976) 2188.

[17] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15 (1977) 2752.

[18] G.W. Gibbons and M.J. Perry, Black holes and thermal Green’s functions Proc. Roy. Soc.

Lond. A 358 (1978) 467.

– 24 –

[19] L. Susskind and J. Uglum, Black hole entropy in canonical quantum gravity and superstring theory, Phys. Rev. D 50 (1994) 2700 [hep-th/9401070].

[20] J.L.F. Barbón, Horizon divergences of fields and strings in black hole backgrounds, Phys. Rev.

D 50 (1994) 2712 [hep-th/9402004].

[21] J.L.F. Barbón and R. Emparan, On quantum black hole entropy and Newton constant renormalization, Phys. Rev. D 52 (1995) 4527 [hep-th/9502155].

[22] J. York, James W., Black hole thermodynamics and the euclidean Einstein action, Phys. Rev.

D 33 (1986) 2092.

[23] M. Bañados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional space-time, Phys. Rev. Lett. 69 (1992) 1849 [hep-th/9204099].

[24] J.M. Maldacena and A. Strominger, AdS_3 black holes and a stringy exclusion principle, J.

High Energy Phys. 12 (1998) 005 [hep-th/9804085].

[25] O. Lunin and S.D. Mathur, AdS/CFT duality and the black hole information paradox, Nucl.

Phys. B 623 (2002) 342 [hep-th/0109154]; Statistical interpretation of bekenstein entropy for systems with a stretched horizon, Phys. Rev. Lett. 88 (2002) 211303 [hep-th/0202072].

[26] J.L.F. Barbón, I.I. Kogan and E. Rabinovici, On stringy thresholds in SYM/AdS thermodynamics, Nucl. Phys. B 544 (1999) 104 [hep-th/9809033].

[27] J.L.F. Barbón and E. Rabinovici, Closed-string tachyons and the hagedorn transition in AdS space, J. High Energy Phys. 03 (2002) 057 [hep-th/0112173]; Remarks on black hole instabilities and closed string tachyons, Found. Phys. 33 (2003) 145 [hep-th/0211212].

[28] P. Kraus, H. Ooguri and S. Shenker, Inside the horizon with AdS/CFT, Phys. Rev. D 67 (2003) 124022 [hep-th/0212277];

L. Fidkowski, V. Hubeny, M. Kleban and S. Shenker, The black hole singularity in AdS/CFT,

hep-th/0306170.

[29] E.J. Martinec, Conformal field theory, geometry and entropy, hep-th/9809021.

[30] K.S. Thorne, R.H Price and D.A. McDonald, Black holes: the membrane paradigm, Yale University Press, New Haven 1986;

L. Susskind, L. Thorlacius and J. Uglum, The stretched horizon and black hole complementarity, Phys. Rev. D 48 (1993) 3743 [hep-th/9306069].

[31] L. Susskind, Twenty years of debate with stephen, hep-th/0204027.

[32] N. Iizuka, D. Kabat, G. Lifschytz and D.A. Lowe, Quasiparticle picture of black holes and the entropy-area relation, Phys. Rev. D 67 (2003) 124001 [hep-th/0212246]; Stretched horizons, quasiparticles and quasinormal modes, Phys. Rev. D 68 (2003) 084021 [hep-th/0306209].

[33] K. Sfetsos and K. Skenderis, Microscopic derivation of the bekenstein-hawking entropy formula for non-extremal black holes, Nucl. Phys. B 517 (1998) 179 [hep-th/9711138].

[34] F. Englert and E. Rabinovici, Statistical entropy of schwarzschild black holes, Phys. Lett. B 426 (1998) 269 [hep-th/9801048].

[35] M. Berkooz, B. Craps, D. Kutasov and G. Rajesh, Comments on cosmological singularities in string theory, J. High Energy Phys. 03 (2003) 031 [hep-th/0212215].

[36] A. Adams, J. Polchinski and E. Silverstein, Don’t panic! Closed string tachyons in ale space-times, J. High Energy Phys. 10 (2001) 029 [hep-th/0108075].

– 25 –

[37] A. Dabholkar, Tachyon condensation and black hole entropy, Phys. Rev. Lett. 88 (2002) 091301 [hep-th/0111004].

[38] J.L.F. Barbón, Remarks on thermal strings outside black holes, Phys. Lett. B 339 (1994) 41 [hep-th/9406209].

[39] A. Dabholkar, Strings on a cone and black hole entropy, Nucl. Phys. B 439 (1995) 650 [hep-th/9408098]; Quantum corrections to black hole entropy in string theory, Phys. Lett. B 347 (1995) 222 [hep-th/9409158].

– 26 –